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Chapter 6

Discussion

In this chapter, we summarize the achievements reached by means of the two main
approaches to simplification of biochemical models taken in this thesis: balancing and
ZDP. We then compare the properties of the two methods and the type of models
to which they are applicable and we discuss the use of input and output variables in
biochemical models, which are needed for the application of balancing. We also relate
our results on balancing to work on this topic that appeared whilst our work was
performed. We then summarize future directions of research that the simplification
approaches treated in this thesis suggest and, finally, we give a more general outlook
on the role of simplifications in the field of systems biology.
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CHAPTER 6. DISCUSSION

6.1 Simplification approaches taken in this thesis

In this thesis we have explored methods to simplify biochemical models and our aim
has been to find ways to construct simplified descriptions which realistically account
for the complex dynamics in the biochemical systems. Two main directions have been
taken. Our first approach was to explore the well-known linear method of balancing
and truncation—a natural first step due to the central role this method has played
for model reduction within the area of control theory and for reduction of models
in other sciences. The second reduction method we studied, which we explored in
much more depth, is based on the zero-derivative principle (ZDP) and derives from
geometric singular perturbation theory, a field within applied mathematics. The
latter method had not been used in a biochemical context before and in this thesis
we have demonstrated various aspects of its usefulness for simplification and analysis
of realistic biochemical models.

During the work on this thesis, the question has been raised whether the ZDP
used here is related to the concept of zero dynamics encountered in control theory.
The theory underlying the ZDP is presented in detail in Chapter 3 of this thesis. In
short, the ZDP aims at identifying accurate approximations of low-dimensional, slow
invariant manifolds (SIMs) embedded in the state space of a multiscale system. Zero
dynamics, on the other hand, is a concept used for the design of feedback control laws.
In particular, it is the name given to the dynamics of a (nonlinear) control system
for which the input has been set to a function (depending on time) that renders the
output function zero at all times. Although both concepts involve the extraction and
study of the dynamics on low-dimensional, invariant submanifolds of the state space,
this is where the similarities between them end. Indeed, zero dynamics is a product of
the control exercised on a system and not of an intrinsic timescale separation present
in the system. Hence, the concept of zero dynamics seems loosely related, at best, to
geometric singular perturbation theory and thus also to ZDP.

6.2 Aims achieved

As was discussed in the Introduction to this thesis, simplification of biochemical
models is useful for many reasons. In this thesis we have particularly addressed
the issues of reduction of computation times, construction of simple yet accurate
rate laws, and, perhaps most importantly, gathering information that leads to better
understanding about the biochemical system. Below we briefly describe the means
by which these goals have been achieved.

The method of balancing and truncation was first used to reduce a model of gly-
colysis in yeast with the aim to reduce the computation times. This however resulted
in a substantial trade-off in accuracy due to the linearization preceding and required
for the reduction. We also employed the information obtained from the balancing
procedure to draw conclusions about the importance of the various concentrations for
the dynamics of the glycolytic pathway. This analysis was based on the coefficients
in the linear combinations that constituted the balanced state variables; since these
variables are ordered according to the importance for the dynamics, the terms that
contribute most to the first state variables have a strong influence on the dynamics.
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CHAPTER 6. DISCUSSION

We found that the concentrations of NADH and acetaldehyde have little influence on
the dynamics in the glycolysis model.

We derived a rate law for a reversible enzyme-catalyzed reaction which is accurate
also in cases when the common Michaelis–Menten expression for the same reaction
fails; this was achieved by applying the first order ZDP analytically to the mass action
kinetic expressions of this reaction. We also showed that the computation times for
numerical integration over a model of the phosphotransferase system (PTS) could be
substantially reduced by numerical application of ZDP and the resulting time courses
approximated those of the original model with high accuracy. The approximations
of SIMs resulting from the application of ZDP also provided simplified views of the
dynamics, contributing to further insight into the behavior of the system. In par-
ticular, these manifolds demonstrated that the reaction rates in the PTS exhibit an
interesting collective behavior: certain rates assume the same magnitudes during the
slow phase, independent of the initial conditions.

6.3 Comparison of the balancing and ZDP approaches

The two types of simplification approaches studied in this thesis, based on balancing
and ZDP, respectively, are of essentially different nature. As already mentioned,
balancing is a linear method while ZDP a nonlinear one. Consequently, the former
requires linearization of the biochemical model which for the often highly nonlinear
models in biochemistry may yield inaccurate results, as demonstrated in Chapter 2.
Further, because balancing originates from control theory, it is applicable to models
for which input and output functions are defined and it aims at approximating a map
from the input to the output. The state variables of the resulting, simpler model
are linear combinations of the old state variables, which are formed by balancing
the reachability and observability Grammians such that the degrees of reachability
and observability of the new state variables in the balanced system become equal.
Hence, the structure of the biochemical reaction network is not recognizable from
the simpler model. The ZDP method is applicable to models defined solely by the
ODEs describing the dynamics of the state variables, without input and output.
Reduction methods deriving from the field of dynamical systems, such as the ZDP,
aim at approximating the dynamics of the state variables instead of the map from
input to output. The state variables in a model reduced by ZDP is a subset of the
state variables in the full model and approximations of the eliminated state variables
are provided in terms of algebraic expressions. Reduction by ZDP hence preserves
the biochemical network structure.

In addition to the application of ZDP to a biochemical network as a whole by
formulating algebraic equations that define a SIM and then employing these relations
to obtain the dynamics on this SIM, we have demonstrated that simplification may
also be performed by application of ZDP-based rate laws to describe the kinetics
of enzymatic reactions—in this setting, the ZDP is used implicitly. Naturally, also
then, the method is applicable to models without input and output variables and the
network structure is preserved, i.e., the variables in the resulting model are again a
subset of the original state variables.
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CHAPTER 6. DISCUSSION

Another difference between the two methods is that the ZDP requires the decom-
position of the state into one fast and one slow component while balancing, on the
other hand, does not require any other a priori information than the model itself.
The decomposition of the state vector is typically based on experience stemming from
experiments and, possibly also, from simulations of the model. Such an approach has
efficaciously been used for the determination of the fast variables as a preparation for
the quasi-steady state approximation (QSSA), widely used in biochemistry. For ZDP,
the decomposition should be based on the same considerations as those employed for
QSSA: a slow component which is suitable for QSSA is also expected to be suitable
for ZDP.

In spite of the differences between the two methods with respect to the types of
models that they are formulated for, they may both be applied to the same biochemical
ODE models if, in the case of applying balancing and truncation, input and output
functions are added to the model. The suitability of addition of input and output
variables to a biochemical model differs depending on the purpose of the model.
For models used in traditional engineering sciences, i.e., the models that balancing
mainly has been applied to, the choice of input and output variables is often relatively
straight-forward: e.g., for a model used for the cruise control of a car, the obvious
input is the torque of the engine and the output the speed of the car. For biochemical
models, on the contrary, this choice is often much less obvious. In biochemistry, the
aim is often to understand the behavior of a system. The output variables should
then be the variables that are of interest to study, e.g., variables that are of high
importance for the biological function performed by the system. Which these variables
are is often not known a priori ; one way to define the output is then to define all
state variables as output variables. In these situations, i.e., when understanding is the
aim, the input variables should be chosen as variables that depend on environmental
changes. In biochemical models, a large fraction of the parameters may have this
property and could hence all be chosen as input variables. The use of input and output
variables in this situation however becomes somewhat artificial, although possible, and
employment of models without input and output may then perhaps be preferred.

There are however also cases when the choice of input and output variables for bio-
chemical systems may be much more natural than in the situation discussed above.
This may be the case when the model describes an experimental system: the pa-
rameters varied in the experiment may be modeled as input and the experimentally
measured variables as output. In summary, the suitability of the presence of input
and output differs depending on the aim of the model and, consequently, the sets of
cases to which the two methods treated in this thesis are applicable differ slightly but
overlap.

For the balancing approach, we used a model of the glycolysis in yeast for the
demonstration of the method since this model is thoroughly validated and hence highly
realistic. When later choosing a realistic model for the demonstration of the ZDP
approach, we found that the same glycolysis model was less suitable for this purpose:
in the glycolyis model, the two slowest eigenvalues only differed by a factor 3, which
indicates that there is no one-dimensional SIM in this model or, at best, a very weakly
attractive one; a comparison of one-dimensional ZDP manifolds with trajectories of
the model indeed showed that none of these manifolds was attractive (we investigated
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all the 13 possible ZDP1 manifolds). A similar analysis showed that this model has
a two-dimensional SIM which attracted trajectories, although this attraction visually
was relatively unclear. For the demonstration of the ZDP approach, we preferred to
work with a model with a clearly attractive one- or two-dimensional manifold in order
to make the presentation transparent and to reduce computational costs associated
with tabulation of the manifold. Hence, we decided to work with the PTS model,
which has a distinct one-dimensional SIM and which also is a well validated and highly
realistic model. In order to enable a more accurate comparison of the performance
in approximating time courses between the two reduction approaches, balancing and
ZDP, it could be of interest to make this comparison for the same model; this however
falls outside the scope of this thesis.

6.4 Relating our work on balancing to work by others

The method of balancing and truncation has been applied previously to biochemical
models in an article by Liebermeister et al which appeared whilst our work was
performed [80]; our work on this method however focuses on other issues than that
article did.

In our work on balancing in Chapter 2, we put substantial focus on the idea
behind the method, which we described in much detail for a biochemical readership
(an issue not treated in [80]). In particular, we describe the notion of ‘importance for
the dynamics’, i.e., the property that the reduction method aims to preserve in the
reduced model, in terms of input and output energies. To the best of our knowledge,
this theory has earlier only been available in more mathematical/theoretical literature.

We also focus much on the biochemical interpretation of the linear combinations
that define the balanced variables in terms of the importance of the various metabo-
lites for the dynamics of the pathway—a major reason that we put much emphasis
on the theory behind the reduction method, as the theory should assist in the inter-
pretation of these linear combinations. The issue of the importance of the various
state variables was also treated in [80], although much less focus was devoted to it
there. The analysis approach used in that article differed from ours in that it was
based on the coefficients of the inverse of the transformation matrix in stead of the
transformation matrix itself that we used; the authors did not discuss the interpre-
tation of their approach. The model to which this analysis was applied was a model
of the glycolysis (of an unspecified organism) constructed using a network structure
obtained from the KEGG database and by assuming mass action kinetics and setting
all kinetic constants equal to 1. The model that we investigated was a model of the
glycolysis in yeast which was based on experimental measurements of the enzyme
kinetics and kinetic constants [122] and hence likely a more realistic model. Further,
in [80], 1 input and 2 output variables were used in the analysis. We have also earlier
performed our analysis using only few input and output variables [51, 14], since in
engineering applications such small numbers of inputs and outputs is common prac-
tice. However, later we discovered that the weighting of the variables depends much
on the choice of input and output variables and, therefore, in order to investigate the
biochemical importance of the various state variables for the over-all dynamics of the
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yeast glycolysis model that we studied, we used all the 13 state variables as output
variables, and all the 92 parameters as input variables in our analysis in Chapter 2.
The high accuracy of the reduced model that we constructed by eliminating the vari-
ables that were estimated as least important by our analysis supports the adequacy
of this choice.

In [80], a methodology was presented of splitting a biochemical model into two
modules denoted the subsystem and the environment, and of defining the input vari-
ables as the concentrations of metabolites on the boundary between the two modules
and the output variables as the reaction rates on this boundary; the idea was to
reduce the environment module by linearization, balancing, and truncation, while
keeping the subsystem module as it is, as an alternative to approximating the envi-
ronment by constant values. The authors illustrated their procedure on a model of
a reaction chain with four state variables. This model was arbitrarily divided into
a subsystem and an environment module, each containing two state variables. The
environment module was replaced by a linear model with one state variable obtained
by linearization, balancing and truncation of this module. The resulting model thus
contained three coupled state variables: two (pertaining to the subsystem) dictated
by the original, nonlinear dynamics and one (representing the environment) following
linear dynamics. It was shown that the dynamics of the two state variables in the
subsystem is accurately reproduced by this coupled model.

In our work, we instead investigated the performance of the method of lineariza-
tion, balancing, and truncation for the realistic model of glycolysis in yeast [122],
which has 13 state variables. Our results show that the application of linearization
to this model however resulted in a highly inaccurate reduced system. Similar issues
with inaccuracy were observed for several sets of input and output variables and also
for the slightly simpler, yet realistic model of the PTS. These results suggest that the
linearization of realistic, complex biochemical models is unsatisfactorily inaccurate.

The high accuracy of the reduced model obtained by reduction of the environ-
ment module of the simple reaction chain in [80] raises the question whether the
modularization approach used in that article would be suitable also for larger, more
realistic biochemical models. In our reduced model of glycolysis in yeast the pyruvate
concentration becomes negative when the input deviates by 40% from its reference
level (Figure 2.2B); this result indicates that coupling this model to a model of e.g.
the citric acid cycle (in which a derivate of pyruvate, acetyl CoA, enters) may give
less accurate results than modeling pyruvate as a constant in that model. This fact
suggests that the modularization approach would be inappropriate in this case, at
least for perturbations of the input of 40% or more from its reference level. Our
results hence suggest that the method of linearization, balancing and truncation has
to be used with caution when applied to realistic biochemical models, also when the
modularization approach of [80] is to be taken.

6.5 Future perspectives

The theory of balancing has been extended to the nonlinear case; this work was
pioneered in 1993 by Scherpen [107] and since then many results on the topic have
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been reported, e.g. [35, 36, 37, 38, 48, 73, 90, 108]. Nevertheless, computational issues
remain and for the complex models that occur in systems biology these methods are
not yet practicable. These methods may however become interesting for reduction of
biochemical systems when further developed.

In this thesis we have shown that the ZDP may be used for simplification of
biochemical models in several different ways. Several aspects of this method and its
biochemical findings are of interest to explore further. Rate laws based on ZDP may
be developed for other reaction mechanisms than the reversible enzyme-catalyzed
reaction with one substrate and one product considered in this thesis. The numerical
calculation of SIMs by ZDP may be used to explore the slow dynamics in other
biochemical systems than the PTS studied here. In particular, it is of interest to
investigate whether the collectivization of the rates that we observed in the PTS also
occurs in other systems. It is also of interest to explore how this collective behavior
arises from the interactions between the molecules and to understand in more depth
how it depends on parameter values and model structure. Further, this behavior—
which shows that the slow dynamics of the rates is simpler than it possibly could
be in the sense that rates within the same collective are attracted to the same low-
dimensional curves in stead of each rate being attracted to a different curve—suggests
simplification of the model based on this information; algebraic constraints obtained
by setting the rate expressions of the reaction rates within each collective equal to
each other may be employed to reduce the model. Such a reduction approach may be
nearly as simple as the well-known QSSA (which is equivalent to zeroth order ZDP)
while even more accurate than first-order ZDP since an assumption of equal rates
may be even closer to reality than the ZDP condition.

6.6 An outlook on systems biology:

as simple as possible, but not simpler

The complexity of biochemical models has increased enormously since the first simple
models of enzyme kinetic reactions appeared in the beginning of the twentieth century
[56, 88, 12] and today most biochemical models contain dozens—the largest models
thousands—of dynamic variables [19, 28, 58, 91, 111]. The complexity of the models
that appear still increases rapidly: only during the period that the doctoral studies
presented in this thesis have been performed (from 2005 until now), the complexity
of the models that have appeared has increased significantly and this development is
seemingly not about to stagnate—rather the opposite seems to be the case due to the
continuous accumulation of biological data that needs to be understood.

In contrast to the complex models in systems biology, the mathematical models
used in physics have contained relatively few variables, often only a couple, or at
least less than a dozen. There, the paradigm of Occam’s razor has been prevailing—
complexity should not be incorporated into a model unless necessary—and this strat-
egy has been successful. The question may arise whether biochemical models then
need to be so complex: after all, these systems consist of the same type of matter
and follow the same scientific laws as physical systems. Furthermore, systems biol-
ogy partly uses scientific methods common with physics, i.e., formulation of general
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principles and quantitative laws [136]; why not also make the models as simple as pos-
sible? Indeed, the idea of Occam’s razor has been applied to biological systems, often
without motivation but accepted due to its paradigmatic status in physics; however,
simple models have proven inappropriate as compared to more complex ones when
comparing their outcome to the now available high-dimensional data [29, 136]. The
reason for this is that life—i.e., the object under study—is inherently complex. As
was outlined in the Introduction to this thesis, a minimum of more than 300 genes is
required for life [31, 42]. Accordingly, complex models are seemingly necessary in sys-
tems biology. These issues on complexity versus simplicity are discussed in Westerhoff
et al [136].

It goes without saying that biochemical models, although complex, should not be
made unnecessarily complex—in this sense Occam’s razor is applied also in systems
biology. However, when ‘as simple as possible’ amounts to hundreds of variables in
order to account for environmental regulations and various special cases, Occam’s
razor as a paradigm loses impact. In [136], a new paradigm in systems biology,
replacing Occam’s razor, was proposed: based on the requirement of 300 genes for
life, it is argued that a model describing the interactions of less than 300 genes is less
likely to be true and complete than one including more than 300 genes.

Because of the necessity of modeling biological systems with complex models, the
question of how to deal with these models is gaining increasing attention and ways to
simplify them are investigated [59, 120, 125]. The issue of simplification of biochemi-
cal models is however paradoxical: as was argued above, much information needs to
be included in the biological models in order for them to make sense. On the other
hand, although complexity is needed to describe the inherently complex biological
systems, there is seemingly also complexity in these systems which is not always nec-
essary for understanding certain aspects of their biological function. For instance, as
was demonstrated in Chapter 5 of this thesis, much of the dynamics in the virtually
13-dimensional PTS takes place in one single dimension and an interesting collective
behavior of the reaction rates was discovered when zooming in on this dimension. Ex-
amples of well-known methods that have contributed to the construction of simplified
views of biochemical systems already for a couple of decades are metabolic control
analysis [17, 54] and flux balance analysis [8, 127].

Systems biology is a relatively new field that constantly changes in focus and there
is not yet a roadmap, or recipe, telling how to perform this science, analogous to the
scientific method used in physics, although some approaches have been suggested
[131, 136]. Hence, it remains to see which role simplifications will play in systems
biology. Our expectation, shared by many others, is that their use will increase since
the growing complexity of models and the accumulation of high-throughput data lead
to an increasingly apparent need of understanding and possibly also an increasing
need of reducing simulation times—the latter perhaps only temporarily as the speed
of computers also develops at a fast pace. During a first phase, simplifications may
also serve as indications as to where we should start to tackle the huge amount of
information that is available; an example of an approach towards this end is given
in [136] where the authors use flux balance analysis to investigate which reactions in
the yeast metabolome are most important and hence should be examined first. Even
at a later stage, when detailed, mechanistic models of entire cells are available, we
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expect that simplifications will continue to play an important role in systems biology
for the extraction of information from the complex models. Emergent properties from
the interactions of thousands of molecules will not be possible to understand without
simplifications that can elucidate different aspects of their dynamics. Simplifications
may also become integrated into a future systems biology methodology, as a part of a
spiraling loop between theory and practice, in order to render the biochemical models
as simple as possible, but not simpler.

With this thesis, we—the author and her coworkers—hope to have provided some
convincing examples of the usefulness of simplification of biochemical models.
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[51] Härdin HM & van Schuppen JH (2006) System reduction of nonlinear positive
systems by linearization and truncation. In Positive systems—Proceedings of the
second multidisciplinary symposium on positive systems: theory and applications
(POSTA 06) (C. Commault and N. Marchand, eds), pp. 431–438. Springer-
Verlag, Berlin Heidelberg.
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